Abstract. In this article, I have studied the ultra discrete limit, which is currently studied in soliton theory, from point of view of valuation theory. A quantity obtained after taking the ultra discrete limit should be regarded as non-archimedean valuation, which is related to the p-adic valuation in number theory.
The ultra discrete difference-difference equations, whose domain and range are given by integers, are currently studied in soliton theory [TS, TTMS] . In this article, I will show that a quantity obtained by the ultra discrete limit in the soliton theory should be regarded as the non-archimedean valuation whose typical example is the p-adic valuation in the number theory [C,VVZ] . Thus we will start from the preliminary of p-adic number theory. Next we will review the recent development of the ultra discrete soliton theory [TTMS] . By construct a p-adic soliton equation, we will show resemblance between the p-adic valuation of the p-adic soliton equation and ultra discrete differencedifference soliton equation. The ultra discrete limit has the same structure as the p-adic valuation. Finally we will comment upon physical and mathematical meanings of the ultra-discrete limit.
Let us consider p-adic field Q p for a prime number p [C, I, VVZ] . For a rational number u ∈ Q which are given by u = v w p m (v and w are coprime to the prime number p and m is an integer),
we will define the p-adic valuation of u as a map from Q to a set of integers Z, ord p (u) := m, for u = 0, and ord p (u) := ∞, for u = 0.
This valuation has following properties (I); for u, v ∈ Q,
). This property (I-1) means that ord p is a homomorphism from the multiplicative group Q × of Q to the additive group Z.
The p-adic metric is given by |v| p = p −ord p (v) . It is obvious that it is a metric because it has the properties (II); for u, v ∈ Q,
(1) if
The p-adic field Q p is given as a completion of Q with respect to this metric so that properties (I) and (II) survive for Q p .
Further, we note that the multiplicative group in Q p is given as
is a multiplicative group in a finite field of order p and Z p is integer part of Q p . As the properties of p-adic metric, the convergence condition of series m x m is identified with the vanishing condition of sequence |x m | p → 0 for m → ∞ due to the relation,
Let us define |u| ∞ as a natural metric over real field R; |u| ∞ := |u| and R is regarded as ∞ point of prime numbers; we will denote R as Q ∞ . Then we have the relations for any non-zero u ∈ Q p for a certain p,
where A is a set of prime numbers and ∞. This is adelic property of p-adic metric.
Here we will review the soliton equation and its ultra discrete version [TTMZ] . In this article, we will consider the Korteweg-de Vries (KdV) equation,
where ∂ t := ∂/∂t and ∂ s := ∂/∂s and u = u(s, t) whose domain (t, s) is R 2 . This differential equation was found by Korteweg and de Vries. However this differential equation and related (KdV) hierarchy were also discovered by Baker about one hundred years ago [B] . He studied the hyperelliptic functions and essentially discovered KdV hierarchy as differential equations generating period algebraic functions of the hyperelliptic curves. He defined the hyperelliptic σ functions as the best tuning theta functions and the hyperelliptic ℘ functions as meromorphic functions over the hyperelliptic curves; they are connected as ℘ = ∂ 2 s log σ. To evaluate the ℘-functions, he also found the bilinear operator, which is recently called Hitora bilinear operator [B] . These σ and ℘ functions are closely related to the problems in number theory [O] .
Along the line of the arguments of [TTMS] , we will consider the difference-difference LotkaVolterra equation as a difference-difference analogue of (2) [HT] ,
According to the arguments in H, HT, TTMS] , (3) is related to the bilinear difference-
where
For example, the two-soliton solution is expressed as [H] ,
Similarly, we have more general solutions [H, TTMS] .
Next we will introduce the ultra discrete limit following [TTMS] . Let O 1/β be a set of nonnegative functions over (m, n, β) ∈ Z 2 × R >0 where R >0 is a set of positive real numbers. Let us define a map ord β : O 1/β → R; we set ord β (0) = ∞ for zero and for u ∈ O 1/β ,
Typically it behaves like,
We call this map ord β , which has the properties (I'); for u, v ∈ O 1/β ,
We note that this valuation is a non-archimedean valuation because for A > B, there does not exist a finite integer n such that ord β (e −βA ) < ord β (ne −βB ) [I,C, VVZ] . By introducing new variables f 
This is a ultra difference-difference Lotka-Volterra equation, which is also integrable; its integrability was proved in [TTMS] .
Next we will formally introduce the p-adic difference-difference Lotka-Volterra equation for a p-adic series {c m n ∈ Q p }, c m+1 n
where δ p ∈ Z p . Noting that from (1), pZ p is domain of exponential function and 1 + pZ p is domain of logarithm function [VVZ] . If w a , k a , k 1 ± k 2 , δ p and η a (a = 1, 2) belong to pZ p , two-soliton solution (6) and the conditions (7) are well-defined in p-adic space. Similarly we can construct other soliton solutions for p-adic equation (10) following the procedure in [H, TTMS] . Hence (10) has mathematical meanings in the p-adic space. By letting f 
When we assume that f
It is very surprising that (12) has the same form as a ultra difference-difference equation (9) at all. In other words, we conclude that the structure of ultra discrete limit has the same as that in p-adic analysis.
As we see the similarity between ultra valuation and p-adic valuation, we will construct the ultra metric following the definition of p-adic metric.
First it should be also noted that the ultra-discrete limit is a natural non-archimedean valuation of real number which differs from the ordinary metric |x| ∞ in adelic approach. As the ultra-discrete has the relation (I'), we will define a metric for Q ∞ forβ ≫ 1 instead of |x| ∞ = |x|,
, which is a kind of exponential valuation [I] and has properties (II');
It should be noted that since this ultra valuation is defined in Q ∞ , |x| β is defined above rather than eβ
. In this metric, the convergence condition of series is also equivalent with the vanishing condition of sequence and we have the relation,
We should note that this metric appears in the low temperature treatment of the statistical physics and in the semi-classical treatment of path integral [D, FH] . For the low temperature limitβ ∼ β = 1/T , T → 0 or the classical limit of deformation parameterβ ∼ β = 1/ , → 0, only the minimal point survives and contributes to zero temperature or classical phenomena. Thus the ultra discrete limit is sometimes called quantization in the literature in the soliton theory but it should be regarded as low temperature limit of statistical mechanical phenomena or classical limit of quantum phenomena. The reason why the domain of O 1/β is non-negative might be related to the positiveness of the probability. Further it is known that some of properties in the q analysis can be regarded as those in p-adic analysis by setting q = 1/p [VVZ] . We have correspondence among p, q and e β as e −β ⇐⇒ p (β ∼ ∞), p ⇐⇒ 1/q, q ⇐⇒ e β (β ∼ 0).
From quantum mechanical point of view, it must be emphasized that the classical regime appears as a non-archimedean valuation, which is an algebraic manipulation, for quantum mechanical values. In this analogy, we might regard that Z is in a classical regime whereas Q p 's (p ∈ A) are of quantum world in number theory [CO] .
Then there arises a question why the ultra-discrete limit is related to integer valued solutions for a soliton solution. Function form of finite type solution of (1) including soliton solution is completely determined at the infinity point of the spectral parameters k = ∞ [DJM1, K] . The soliton solution is given by exponential function whose power is polynomial of (k, s, t) owing to algebraic properties of soliton solutions. Since polynomial of integer valued (k, s, t) is also integer, ultra-discrete is associated with integer valued solutions.
We also note that even though the non-degenerated hyperelliptic functions might not be related to the discrete Lotka-Volterra equation (3), the discrete Lotka-Volterra equation are related to invariant theory as their conserved quantities [HT] . Thus this p-adic approach might give another aspect on relations between soliton and number theory [IMO, O, P] .
